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Closed-loop stability for dynamic inversion controllers depends on the stability of the zero dynamics. The zero
dynamics, however, depend on a generally nonlinear control allocation function that optimally distributes redun-
dant controls. Therefore, closed-loop stability depends on the control allocation function. A suf� cient condition is
provided for globally asymptotically stable zero dynamics with a class of admissible nonlinear control allocation
functions. It is shown that many common control allocation functions belong to the class of functions that are
covered by the aforementioned zero dynamics stability condition. Aircraft � ight control examples are given to
demonstrate the utility of the results.

I. Introduction

S YSTEMS with more inputs than outputs are said to have redun-
dant controls and are referred to as redundant systems, whereas

systems with equal numbers of inputs and outputs are referred to as
square systems. Redundant systems differ from square systems in
that the control redundancymay be used to satisfyadditionalcontrol
system requirements such as minimal control effort, minimal com-
putationalcomplexity,controlgroupprioritization,or preferredcon-
trols.There are many names in the literature that refer to the manner
in which control redundancyis addressed.These includebut are not
limited to control management, control distribution, control selec-
tion, and the term that will be used in this paper, control allocation.
Regardlessof the name,controlallocationis most important in these
days of existing system upgrades as opposed to new system devel-
opment. In the area of � ghter aircraft � ight control,upgradeswill no
doubt include additionalcontrol effectors.1 There has been research
in the area of novel control effectors including thrust vectoring,2¡5

pneumatic � ow manipulators,6 and movable nose strakes.7 Even
more recently, there is research involving other innovative control
effectors such as all-moving wing tips.8 Control redundancy, and
thus control allocation, is inherent with the addition of these new
control effectors.Constrained or limited control allocation involves
allocationof commands to actuators that have limited ranges of mo-
tion. Constrained control allocation has been around for years, and
Buf� ngton and Enns9 provide a list of referencesfor recent research
in the area.

Stability analysis of the zero dynamics is paramount in evaluat-
ing closed-loop stability for feedback control methods that involve
plant inversion.Some plant inversion feedback control methods re-
quire stabilityof the zero dynamics to ensureclosed-loopstability.10

Although stability of the zero dynamics can be altered by a change
in output function, redundant systems have the unique feature that
their control allocation functions potentially destabilize the zero
dynamics. Therefore, an output function that results in stable zero
dynamics for one control allocation function could possibly result
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in unstable zero dynamics for another control allocationfunction.11

For linear systems, concepts of invariant and controllability sub-
spaces may be used to analyze stability of the zero dynamics with
linear control allocation functions.12 However, control allocation
functions generally are nonlinear to account for actuator nonlinear-
ities and typically are designed to optimize performance without
regard to stability.2;13;14 The main contribution of this paper is a
global asymptotic stability condition for the zero dynamics with a
broadclass of nonlinearcontrol allocationfunctions.This condition
provides an analysis tool for nonlinear control allocation functions
used in conjunctionwith feedback control methods that require sta-
bility of the zero dynamics to ensure closed-loop stability.

The paper is organized as follows. The next section introduces
a two-part controller that includes control allocation and dynamic
inversionof a squaresystem. It is assumed that the controlallocation
has previouslybeen designed to optimize an objective and is given.
Thus, no controlallocationsynthesisis containedin this paper.Next,
a set of admissiblenonlinearcontrol allocation functions is de� ned,
which includes some common control allocationmethods. Because
stability of the zero dynamics is required for dynamic inversion to
provideclosed-loopstability,a global asymptoticstabilitycondition
for thezero dynamics is thenderivedfor the set of admissiblecontrol
allocation functions.

II. Controller Structure
Consider the following linear system with more controls than

commanded variables:

Pz
Py

D
Azz Azy

Ayz Ayy

z

y
C

Bz

By
u

(1)
z 2 IRnz ; y 2 IRn y ; u 2 IRm ; n y < m

where u are the system controls, y are the commanded states, and
z are the uncommanded states. Assume that it is desired to design
a controller that tracks y commands for a system of the form in
Eq. (1). The two element controller structure of Fig. 1 is proposed.
In the diagram, Ok is an element that addresses feedbackand feedfor-
ward control of a square system derived from the system in Eq. (1),
and ½ is the control allocator that addresses control redundancy.
All of the control redundancy is captured in the control allocator so
actuator command requirements are addressed separately from the
feedback and feedforward control requirements. The separation of
controlallocationfrom the other controllerelementsallows the con-
trol allocatordesign to be performedas a subsystemdesign process.
The bene� t is that as requirements for one subsystem change, the
other subsystem remains unaffected. However, control allocation
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Fig. 1 Controller struc-
ture.

affects loop stability. Therefore, the disadvantageof this subsystem
perspective is that control allocationeffects on closed-loopstability
may be neglected.

A. Control Allocation
It is useful to de� ne the product of the control effectiveness and

the controls as state derivatives due to the controls. Consider the
y derivative due to the controls, which is referred to as just the y
derivative dy

dy ´ Byu (2)

In the literature, many names have been used to refer to dy , which
include generalized controls, � ctitious controls, pseudocontrols,or
reduced controls because the dimension of dy is less than the di-
mension of u. It becomes clear in the development of the control
allocation problem why dy is referred to as controls. Similar to the
y derivative, the z derivative is de� ned as

dz ´ Bzu (3)

Control allocation is de� ned by a generally nonlinear mapping
from IRn y to IRm

ucmd D ½ dcmd
y such that By ½ dcmd

y D dcmd
y (4)

where ½ is the control allocation function. Note that if only linear
control allocation functions are considered, the control allocation
problem is that of determining a right inverse of the control effec-
tivenessmatrix By . Thus, in general, the control allocationproblem
is essentially � nding a nonlinear right inverse for By .

If u D ucmd, combining the control allocation function with the
redundant system of Eq. (1) results in the following system:

Pz
Py

D
Azz Azy

Ayz Ayy

z

y
C

Bz½ dcmd
y

dcmd
y

(5)

which is a good low-frequency, small control signal approximation
of the open-loopbehavior from dy to [z y]T because typically there
exist actuator dynamics and limits. If dy is thought of as reduced
controls, then this system is square. Note that the redundant system
in Eq. (1) is linear yet the square system in Eq. (5) is generally non-
linear because ½.dcmd

y / is possibly nonlinear. However, the square
system has the nice property that the y dynamics remain linear even
for nonlinearcontrolallocationfunctions.The system in Eq. (5) will
be used for control design, and note that the control reduction has
reduced the complexity of the design because the square system in
Eq. (5) has less controls than the original system.

It is initially unclear how actuator limits relate to the reduced
controls of the system in Eq. (5). Actuator limits are considered by
de� ning a limited control subset,15 which allows extension of the
actuator limits to the reduced controls,

Ä ´ fu jui · ui · Nui ; i D 1; : : : ; mg ½ IRm (6)

where u and Nu are vectors of lower and upper actuator limits, re-
spectively. Analogously for the reduced controls, an attainable y-
derivativesubset (ADS) is de� ned by the limited control subset and
given by the following:

8y ´ fdy j ½.dy / 2 Äg (7)

where 8y is the ADS and ½ satis� es Eq. (4). The volume of the ADS
is an indicationof the y-derivativecapabilityof the system.Note that
the ADS depends on the control allocation function ½.dcmd

y /, which
means that the y-derivative capability of the system will depend
on the manner in which redundant controls are allocated. In other
words, different control allocation functions will result in ADSs of

varying volume. Algorithms exist in the literature that address the
computationof the boundaryof8y , denoted@8y , for certaincontrol
allocationfunctions.13;15 Further it is shown by Durham15 that there
exists a unique ADS of maximum volume 8

y
max , which is indepen-

dentof thecontrolallocationfunctionyetdependenton theboundary
of the limited control subset @Ä. Thus, the ADS is just the subset of
reduced controls such that actuators satisfy their limits. If the con-
trol allocation function only had to satisfy Eq. (4), then any linear
right inverse of By would suf� ce, and geometric approaches12 may
be used for synthesis. However, other requirements may be present
such as minimal control effort, minimal computational complex-
ity, control group prioritization, maximum y-derivative capability,
or some other preferred control position. All of these other require-
ments are referred to as allocation method requirements. These al-
location method requirements typically drive the control allocation
synthesiswithout direct regard for closed-loopstability effects.The
control allocation problem is formally stated by the following.

Problem 1: control allocation problem. Find a control allocation
function½ that satis� es all allocationmethod requirementssuch that
1) By ½.dcmd

y / D dcmd
y 8dcmd

y 2 8y and 2) By ½.dcmd
y / 2 8y 8dcmd

y =2
8y .

Thus, a function that solves the control allocation problem satis-
� es Eq. (4) for attainablederivatives (dcmd

y 2 8y ) and allocatescon-
trols that are linearly mapped by By to 8y for nonattainablederiva-
tives (dcmd

y =2 8y ). This makes sense because if the commanded
derivative is nonattainable, then there is only hope of clipping the
commanded derivative in some manner such that the control alloca-
tion output achieves the clipped derivative.Because approaches for
nonattainable derivatives are highly problem dependent, the scope
of this paper is limited to attainable derivatives, i.e., condition 1 of
the control allocation problem.

Therefore, it is assumed for the remainder of this section that
a control allocation function is given that has previously been de-
signed to satisfy speci� ed allocationmethod requirements.To com-
plete the control law, feedforward and feedback compensation is
developed in the following section.

B. Dynamic Inversion Control
Although generally nonlinear, the system in Eq. (5) provides an

appropriatedesign model for dynamic inversion.The assumptionof
attainable derivatives leads to this model and allows focus on local
analysis of control allocation. A controller Ok is now developed for
the system in Eq. (5) using dynamic inversion control. Consider the
following dynamic inversion control law:

dcmd
y D Ok.z; y; ycmd/ ´ ¡Ayzz ¡ Ayyy C v. y; ycmd/ (8)

where v. y; ycmd/ is additional control that is possibly dynamic but
is not a function of z. The function v. y; ycmd/ is commonly referred
to as the desired y dynamics and has the property v.0; 0/ D 0. The
dynamic inversion control law transforms the system in Eq. (5) into
a cascade of two subsystems. The z subsystem depends on z and y:

Pz D Azzz C Azyy C Bz½ ¡Ayzz ¡ Ayyy C v. y; ycmd/ (9)

whereas the y subsystem does not depend on z:

Py D v. y; ycmd/ (10)

It is easily shown by an application of the small-gain theorem16¡18

that two cascaded asymptotically stable subsystems are asymptoti-
cally stable.The z subsystemis asymptoticallystableif the systemin
Eq. (9) is asymptoticallystable when y and Py D 0. The z subsystem
dynamics for y and Py D 0 are called the zero dynamics. Therefore,
if v. y; ycmd/ is chosen such that the y subsystem is asymptotically
stable, then the closed-loop system is asymptotically stable if the
zero dynamics are asymptoticallystable. Note, however, that stabil-
ity of the zero dynamics dependson the nonlinearcontrol allocation
function. The next two sections provide stability analysis of the
zero dynamics,which is equivalent to closed-loopstability analysis
under the standing assumption that v. y; ycmd/ is an asymptotically
stabilizing feedback for the y subsystem.
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III. Admissible Control Allocators
Vector and matrix norms are used extensively throughout the

remainder of this paper. All constant real-valued vector norms will
be the Euclidean norm, and all constant real-valued matrix norms
will be the induced matrix two norm unless otherwise noted. The
Euclidean norm for vectors and the induced matrix two norm for
matrices are just the maximum singular value denoted as N¾

kXk ´ N¾ .X/; 8X 2 IRn £ m (11)

In this section, admissible control allocation functions are re-
strictedto those functionswith � nite z derivativeL2 gains to improve
the mathematical tractability of analyzing systems with control al-
locators and to assist in avoiding the design of unreasonablecontrol
allocators.Recall the de� nition of the z derivativegiven by Eq. (3).
If the z derivative is linearly bounded by kzy , then the following
inequality holds:

kdzk D Bz½ dcmd
y · kzy dcmd

y ; 8 dcmd
y (12)

where kzy is just the L2 gain of dz . The L2 gain provides the linear
bound on the two norm of the z derivative. It will be shown that kzy

may be speci� ed even without complete knowledge of the control
allocation function.

Note that Eq. (12) implies that ½.0/ belongs to the null space of
Bz . However, Bz is arbitrary in the sense that there is some freedom
in the choice of z in representing the input(u)–output( y) behavior
of Eq. (1). For the bound in Eq. (12) to be satis� ed for all possible
z (and, thus, Bz ) that represent the input–output behavior of the
redundant system, the control allocation must have zero output for
zero input, i.e., ½.0/ D 0.

Thus, using the z-derivative L2 gain from Eq. (12), an admissible
control allocation function is de� ned by the following.

De� nition 1: admissible control allocation function. A control
allocationfunction½ is said to be admissibleif it producesdz linearly
bounded by kzy , which is referred to as the admissibility constant,
and ½.0/ D 0.

Note that all admissible control allocation functions de� ned by
an admissibility constant kzy are also admissible de� ned by admis-
sibility constantsgreater than kzy . However, arbitrarily large admis-
sibility constants provide arbitrarily conservative bounds for the z
derivativein Eq. (12) which give less meaning to the stability results
in Sec. IV. Three control allocationmethods are now considered for
development of nonconservativeadmissibility constants, i.e., mini-
mal kzy .

A. Control Allocation Admissibility Constants
Although every control allocation function is not guaranteed to

result in linearlybounded z derivatives, it is shown that z derivatives
are linearlybounded for some common control allocationmethods.
Admissibilityconstant lower boundsare developedfor these control
allocation functions that result in linearly bounded z derivatives.

1. Maximum ADS Control Allocation
The commanded y derivative is expressed as dcmd

y ´ ky
Ody where

Ody is its direction and ky is a positive scalar magnitude.The control
that achieves a y derivative on the boundary of the maximum ADS
in the direction of the commanded y derivative is given by

u¤. Ody / D u j By u D k¤
y

Ody (13)

where k¤
y is the magnitude along Ody that de� nes an ADS boundary

point

k¤
y D ky j ky

Ody 2 @8y
max (14)

Now consider the following control allocation function ½max that
achieves the maximum ADS11;13;15

ucmd D ½max dcmd
y D ky k¤

y u¤. Ody / (15)

The form of ½max in Eq. (15) is suf� cient to determine admissibil-
ity constants even though u¤. Ody/ is an unspeci� ed function. The

following lemma states a lower bound for kzy in Eq. (12) with the
control allocation function ½max. The lower bound is stated in terms
of the columns of Bz de� ned as

Bz ´ bz1 ¢ ¢ ¢ bzm (16)

Lemma 1. Scalar kzy is an admissibility constant for ½max if

kzy ¸ 1
rmin

m

i D 1

bzi

where rmin is de� ned as the minimum distance from the origin to
the boundary of the maximum ADS given by

rmin ´ min
dcmd

y 2 @8
y
max

dcmd
y (17)

Proof. Without loss of generality, assume that the controls have
limits of §1. If this is not the case, proceduresare used to normalize
and symmetrize the control effectivenessmatrix and the maximum
ADS.11

Reducedcontrols that belong to the maximum ADS boundaryare
de� ned by

d¤
y ´ dy j dy 2 @8y

max (18)

Because rmin is the minimum distance from the origin to @8
y
max , it

follows that

rmin · d¤
y (19)

Multiplication of positive constants does not change the inequality

dcmd
y

d¤
y

·
dcmd

y

rmin

(20)

The normaland symmetriccontrollimits imply that ju¤
i j · 1. There-

fore, the following holds:

u¤
i

d¤
y

dcmd
y ·

dcmd
y

rmin

(21)

Again using the fact that multiplication by positive quantities does
not change inequalities, it follows that

bzi

u¤
i

d¤
y

dcmd
y ·

bzi

rmin
dcmd

y (22)

Note that summation over all i does not change the inequality, so
that the following holds:

m

i D 1

bzi

u¤
i

d¤
y

dcmd
y ·

m

i D 1

bzi

rmin
dcmd

y (23)

The lemma statement implies the following:

m

i D 1

bzi

u¤
i

d¤
y

dcmd
y · kzy dcmd

y (24)

From the de� nition of ½max in Eq. (15), the left-hand side becomes

m

i D 1

bzi ½maxi dcmd
y D

m

i D 1

bzi

u¤
i

d¤
y

dcmd
y · kzy dcmd

y

(25)
Because

Bz½max dcmd
y ·

m

i D 1

bzi ½maxi dcmd
y (26)

it is concluded that

kdzk D Bz½max dcmd
y · kzy dcmd

y (27)

which implies that kzy is an admissibility constant for ½max .
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2. Linear Control Allocation
Linear control allocationfunctions½lin take the following form11:

ucmd D ½lin dcmd
y D R dcmd

y ; By R D In y (28)

where Iny is the n y £ n y identity. For linear control allocation func-
tions, the stability of the zero dynamics is completely characterized
by the eigenvalues of the matrix Azz ¡ Bz R Ayz [see Eq. (9)]. How-
ever, it may be useful to analyzezero dynamicsstabilityfor an entire
class of admissible control allocation functions, linear and nonlin-
ear. For such situations, a lower bound for kzy in Eq. (12) with the
control allocation function ½lin is stated in the following lemma.

Lemma 2. Scalar kzy is an admissibility constant for ½lin if kzy ¸
kBz Rk.

Proof. The following inequality is implied by the lemma state-
ment:

kBz Rk dcmd
y · kzy dcmd

y (29)

Using the properties of matrix and vector norms implies the fol-
lowing expressionwhich is just Eq. (12) with the control allocation
½lin :

kdzk D Bz Rdcmd
y · kzy dcmd

y (30)

Therefore kzy is an admissibility constant for ½lin .

3. Daisy-Chain Control Allocation
This section developslower bounds for the admissibilityconstant

corresponding to the daisy-chain control allocation method. The
daisy chain commands redundant groups of limited controls in a
prioritizedmanner. The � rst control group is linearly allocated, and
subsequent groups are zero until a limit is encountered by the � rst
control group. When the � rst control group encounters limits, the
second control group is allocated linearly to make up the command
difference resulting from limits on the � rst control group. Daisy-
chain control allocation is given by the following when there are
two redundant groups of controls11:

ucmd D ½dc dcmd
y D

SAT1 R1dcmd
y

R2 dcmd
y ¡ By1 SAT1 R1dcmd

y

D
¹cmd

1

¹cmd
2

(31)

where SAT1 is an m1 £ 1 vector of standard saturation functions
shown in Fig. 2, m1 is the number of elements in the � rst control
group,and Ri is any rightinverseof Byi , i.e., Byi Ri D In y for i D 1; 2.
The following lemma states admissibilityconstant lower bounds for
½dc .

Lemma 3. Scalar kzy is an admissibility constant for ½dc if

kzy ¸ Bz2 R2 C Bz1 ¡ Bz2 R2 By1 kR1k

Proof. Start with the de� nition of the z derivative with the daisy-
chain allocator

dz D Bz½dc dcmd
y

D Bz1 SAT1 R1dcmd
y C Bz2 R2 dcmd

y ¡ By1 SAT1 R1dcmd
y

(32)

Utilizing the properties of vector and matrix norms gives the fol-
lowing bound:

kdzk · Bz2 R2 dcmd
y C Bz1 ¡ Bz2 R2 By1 SAT1 R1dcmd

y

(33)

Fig. 2 Standard saturation func-
tion.

Noting that kSAT1.R1dcmd
y /k · kR1kkdcmd

y k, the following bound
is derived by collecting terms:

kdzk · Bz2 R2 C Bz1 ¡ Bz2 R2 By1 kR1k dcmd
y (34)

The lemma statement gives the following bound:

kdzk · kzy dcmd
y (35)

which implies that kzy is an admissibility constant for ½dc .

B. Discussion and Examples
Suppose it is desired to de� ne a set of controlallocationfunctions

by a single admissibility constant that includes the maximum ADS,
linear, and daisy-chain control allocators. The least conservative
admissible set is de� ned by the following admissibility constant:

kzy D

max
1

rmin

m

i D 1

bzi ; kBz Rk; Bz2 R2 C Bz1 ¡ Bz2 R2 By1 kR1k

(36)

which is the maximum of the lower bounds corresponding to each
individual method.

The following examples demonstrate the maximum ADS, linear,
and daisy-chain control allocator admissibility lemmas. For linear
allocators, the following examples consider only the special case of
identity weighted pseudoinversecontrol allocators11:

ucmd D Rpseu dcmd
y D BT

y By BT
y

¡1
dcmd

y (37)

An aircraft longitudinal axis � ight control example is considered
� rst, and the second example considers aircraft lateral/directional
axes � ight control. In both examples it is desired to � nd a set of con-
trol allocation functions, de� ned by the least conservative admis-
sibility constant, that includes the maximum ADS, pseudoinverse,
and daisy-chain methods. This set will assist in the zero dynamics
stability analysis developed in Sec. IV.

Example 1: aircraft longitudinalaxis admissibleallocators. Con-
sider the short-periodapproximationof the longitudinaldynamicsof
an F-18 supermaneuverableaircraft at Mach 0.6, 30,000-ft altitude,
and 5.2-deg angle of attack3

P®
Pq

D
¡0:509 0:994

¡1:13 ¡0:280

®

q
C

¡0:093 ¡0:018

¡6:57 ¡1:53

±e

±ptv

(38)

The states are angle of attack ® in degrees and body-axis pitch rate
q in degrees per second. The controls are elevator ±e in degrees
and pitch thrust vector angle ±ptv in degrees. The controls have the
following limits:

¡23:07

¡30
·

±e

±ptv
·

11:43

30
(39)

The pilot command is chosen to be q, and the state partition is
taken to be

z D ®; y D q (40)

in terms of the system in Eq. (1). Assume that it is desired to use
the thrust vectoring nozzle only in the event of elevator saturation,
which is interpretedas an allocationmethodrequirement.The daisy-
chain controlallocationcommands the elevator and thrust vectoring
such that the allocation method requirement restricting the use of
thrust vectoring is satis� ed. Because there are no zero elements in
the control effectiveness matrix and n y D 1, the following control
groups are redundant:

¹1 D ±e; ¹2 D ±ptv (41)
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The state and control partitions lead to the following control effec-
tiveness partitions:

By D by1 by2 D [¡6:57 ¡1:53]
(42)

Bz D bz1 bz2 D [¡0:093 ¡0:018]

The controleffectivenessmatricesare normalizedsuch that the con-
trol limits are §1

ByN D byN1
byN2

D [¡113:3 ¡45:8]
(43)

BzN D bzN1
bz N2

D [¡1:60 ¡0:540]

Note this normalization is required for applicationof lemma 1. Be-
cause the number of y states is unity .n y D 1/ in this example, com-
putation of the symmetric maximum ADS is trivial:

8y
maxs

D fdys jjdys j · 159:2g (44)

Therefore, the minimum radius of @8
y
maxs is

rmin D 159:2 (45)

The admissibility constant lower bound for ½max is given by

1
rmin

m

i D 1

bzNi
D 0:013 (46)

from lemma 1. Thus, if kzy is chosen greater than or equal to 0:013,
then it is an admissibilityconstantfor½max in Eq. (15). Now consider
pseudoinversecontrolallocation.Becausethepseudoinversecontrol
allocation is linear, the lower bound from lemma 2 is used

kBz Rpseuk D Bz BT
y By BT

y

¡1 D 0:014 (47)

Thus, if kzy is chosen greater than or equal to 0:014, then it is an
admissibility constant for Rpseudy . Now consider the daisy-chain
control allocation with assistance from lemma 3. The lower bound
in lemma 3 is given by the following:

bz2

by2

C bz1 ¡
bz2 by1

by2

1
by1

D 0:014 (48)

Thus, if kzy is chosen greater than or equal to 0:014, then it is an
admissibility constant for ½dc in Eq. (31). Therefore, the maximum
ADS, pseudoinverse, and daisy-chain control allocation functions
all belong to an admissible set de� ned by kzy ¸ 0:014, and the least
conservative admissible set is de� ned by kzy D 0:014.

Example 2: aircraft lateral/directional axes admissible alloca-
tors. Now consider the following linear approximation of the lat-
eral/directional dynamics of an F-18 supermaneuverableaircraft at
Mach 0.6, 30,000-ft altitude, and 5.2-deg angle of attack3

P̄
Pp
Pr

D
¡0:112 0:094 ¡0:995

¡10:2 ¡1:17 0:432

2:20 ¡0:010 ¡0:106

¯

p

r

C
¡0:009 ¡0:005 0:013 0 0:008

9:02 11:06 0:842 0:730 0:055

0:296 ¡0:264 ¡0:684 ¡0:002 ¡0:757

±dt

±a

±r

±rtv

±ytv

(49)

The states are sideslip angle ¯ , body-axis roll rate p, and body-
axis yaw rate r , with the angles expressed in degrees and angular
rates in degrees per second. The controls are differential horizontal
tail ±dt, aileron ±a , rudder ±r , roll thrust vector angle ±rtv, and yaw
thrust vector angle ±ytv, which are all expressed in degrees. The

control effectors have a limited range of operation de� ned by the
following:

¡17:25

¡35

¡30

¡30

¡30

·

±dt

±a

±r

±rtv

±ytv

·

17:25

35

30

30

30

(50)

It is desired to command the roll and yaw rates, which leads to the
following state partition in terms of the general system in Eq. (1)

z D ¯; y D [p r]T (51)

As in example 1, assume that it is desired to use the thrust vectoring
nozzles only in the event of aerodynamiccontrol surface saturation,
which again is interpretedas an allocationmethod requirement.This
naturally leads to the following control group partition:

¹1

¹2

D

±dt

±a

±r

±rtv

±ytv

(52)

The state and control partitions lead to the following control effec-
tiveness matrices:

By D
9:02 11:06 0:842 0:730 0:055

0:296 ¡0:264 ¡0:684 ¡0:002 ¡0:757
(53)

Bz D [¡0:009 ¡0:005 0:013 0 0:008]

The normalized control effectivenessmatrices are given by the fol-
lowing:

ByN D
156:0 387:0 25:3 21:9 1:66

5:10 ¡9:23 ¡20:5 ¡0:058 ¡22:7
(54)

BzN D [¡0:159 ¡0:171 0:379 0 0:250]

Note again that normalization is required for lemma 1. Because the
control limits are symmetric about the origin, no symmetrization
is necessary for @8

y
max. Computation of the boundary @8

y
max is a

problem of � nding the convex hull for a set of points. This prob-
lem is addressed by Durham13;15;19 and is beyond the scope of this
document. An approximation to @8

y
max is found by parameteriz-

ing the two-dimensional y-derivative space with polar coordinates,
i.e., a magnitude and an angle. This parameterization is used in this
example and the approximation of @8

y
max is shown in Fig. 3. The

minimum radius of @8
y
max is determined graphically and used to

de� ne a ball in dy space

rmin D 52:0; Brmin ´ fdy jkdyk · rming (55)

The boundaryof theball@ Brmin is alsoshown in Fig. 3 and appearsas
an ellipse because the axes have different scales. The admissibility
constant lower bound for ½max is given by the following:

1
rmin

m

i D 1

bzNi
D 0:018 (56)

from lemma 1. Thus, if kzy is chosen greater than or equal to 0:018,
then it is an admissibilityconstant for ½max . Now considerpseudoin-
verse control allocation.The lower bound from lemma 2 is used for
the pseudoinverseallocator because it is linear:

kBz Rpseuk D Bz BT
y By BT

y

¡1 D 0:014 (57)
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Fig. 3 Maximum ADS.

Thus, if kzy is chosen greater than or equal to 0:014, then it is an
admissibility constant for Rpseudy . Now consider daisy-chain allo-
cation. The lower bound from lemma 3 is used to de� ne an admis-
sibility constant

Bz2 R2 C Bz1 ¡ Bz2 R2 By1 kR1k D 0:025 (58)

Thus, if kzy is chosen greater than or equal to 0:025, then it is an
admissibilityconstant for ½dc. Therefore, the maximum ADS, pseu-
doinverse,and daisy-chaincontrolallocationfunctionsall belong to
an admissible set de� ned by kzy ¸ 0:025, and the least conservative
admissibility constant is kzy D 0:025.

It has been shown how to construct the least conservative admis-
sibility constant that de� nes a set of controlallocationfunctionsthat
includes the maximum ADS, linear, and daisy-chaincontrol alloca-
tors. Now a suf� cient condition for globally asymptotically stable
zero dynamics is derived for the admissible set of control allocation
functions to assist in analyzing the closed-loop stability of systems
controlled by plant inversion techniques such as dynamic inversion
or feedback linearization.

IV. Globally Asymptotically Stable Zero Dynamics
Because global asymptotic stability of the zero dynamics is re-

quired for some plant inversion control techniques such as dynamic
inversion to achieve closed-loop stability, a suf� cient condition for
global asymptotic stability of the zero dynamics is derived in this
section. The result is derived from direct application of the small-
gain theorem,16¡18 which states that feedback loops consisting of
stable operators are stable if the product of the operator gains are
strictly less than unity.

The following result utilizes the small-gain theorem to ensure
global asymptotic stability of the zero dynamics of the system in
Eq. (5) with respect to input dy and output y. Recall that the zero
dynamics are the system dynamics along the zero output manifold,
i.e., the dynamics when the output y is constrained to be zero. The
input required to maintain zero output is found by examining the y
dynamics of Eq. (5)

Py D Ayzz C Ayy y C dy

(59)
y D 0; Py D 0 ) dy D ¡Ayzz

Inserting y D 0 and dy from Eq. (59) into the z dynamics of Eq. (5)
gives the zero dynamics

Pz D Azzz C Bz½.¡Ayzz/ (60)

Therefore,the zero dynamicswith respect to inputdy and outputy of
the system in Eq. (5) depend on the control allocation function ½ . It
can be shown9 that the controlallocationcan introduceunstablezero
dynamicsinto the squaresystemofEq. (5) and, therefore,destabilize
a closed-loop system that is controlled by dynamic inversion.

Consider the zero dynamics in Eq. (60) rewritten as an intercon-
nection of two subsystems.

System 1:

Pz D Azzz C w2; w1 D ¡Ayzz (61a)

System 2:

w2 D Bz½.w1/ (61b)

Assuming that Azz is Hurwitz, the L2 gain of system 1 is its H1
norm

kw1k D Ayz.s I ¡ Azz/
¡1

1
kw2k (62)

and the L2 gain of system 2 is just the admissibility constant kzy

kw2k D kzykw1k (63)

Therefore, asymptotic stability of the zero dynamics is guaranteed
if the following small-gain condition is satis� ed:

Ayz.s I ¡ Azz/
¡1

1
kzy < 1 (64)

In summary, the small gain condition in Eq. (64) is suf� cient
to ensure global asymptotic stability of the zero dynamics for sys-
tems with admissible control allocation functions de� ned by some
given admissibility constant. The following examples demonstrate
the utility of the result. Assume for all of the examples that an orig-
inal system of the form given in Eq. (1) is to be stabilized by plant
inversion control techniques, such as dynamic inversion, which re-
quire asymptotic stabilityof the zero dynamics to guaranteeclosed-
loop stability.

Example 3: aircraft longitudinalaxis zero dynamics. This exam-
ple is a continuationof example 1. In example 1, the choice of z and
y result in the following data:

Azz D ¡0:509; A yz D ¡1:13 (65)

Example 1 also suggests that an admissible set of functions be de-
� ned by kzy D 0:014 to include the maximum ADS, pseudoinverse,
and daisy-chain control allocation methods in the admissible set.
The admissibility constantkzy D 0:014 satis� es the small-gaincon-
dition in Eq. (64)

Ayz.s I ¡ Azz/
¡1

1
kzy D .2:22/.0:014/ D 0:031 < 1 (66)

It is concluded that the zero dynamics are globally asymptoti-
cally stable for the maximum ADS, pseudoinverse,and daisy-chain
control allocation functions. In fact, Eq. (66) also shows that the
zero dynamics are globally asymptotically stable for all control
allocation functions belonging to the admissible set de� ned by
kzy < 1=2:22 D 0:450. Therefore, the combination of a dynamic
inversion controller for the following square system:

P®
Pq

D
¡0:509 0:994

¡1:13 ¡0:280

®

q
C

0

dq
(67)

and anadmissiblecontrolallocationfunctionde� nedby kzy < 0:450
will globally stabilize the redundant system in Eq. (38).

Example 4: aircraft lateral/directional axes zero dynamics. This
example is a continuationof example 2. In example 2, the choice of
z and y result in the following data:

Azz D ¡0:112; Ayz D
¡10:2

2:20
(68)

Example 2 also suggests that an admissible set of functions be de-
� ned by kzy D 0:025 to include the maximum ADS, pseudoin-
verse, and daisy-chain control allocation methods. The admissibil-
ity constant kzy D 0:025 does not satisfy the small-gain condition
in Eq. (64)

Ayz.s I ¡ Azz/
¡1

1
kzy D .93:2/.0:025/ D 2:33 > 1 (69)

It is concludedthat thezero dynamicsmay notbe globallyasymptot-
ically stable for all admissible control allocation functions de� ned
by kzy D 0:025. In fact, the small-gain condition is not satis� ed for



464 BUFFINGTON, ENNS, AND TEEL

any of the admissibility constants corresponding to each allocation
method because

A yz.s I ¡ Azz/
¡1

1
D 93:2 >

1

0:014
>

1

0:018
>

1

0:025
(70)

It is concluded that the maximum ADS, pseudoinverse,and daisy-
chain control allocators may destabilize the zero dynamics. The
zero dynamics are guaranteed to be globally asymptotically stable
only for control allocation functions belonging to an admissible set
de� ned by

kzy < 1=93:2 D 0:011 (71)

Because the suf� cient condition for stability is not satis� ed for
example 2, more analysis must be done for the speci� c control
allocation function that will be used with the dynamic inversion
controller. Additional analysis for a particular control allocation
method may be dif� cult, e.g., highly nonlinear control allocation
methods, or simple, e.g., linear control allocationmethods, depend-
ing on the method.The nextexampledemonstratessuf� ciencyof the
theorem.

Example 5: suf� ciency of zero dynamics stability theorem. Con-
sider the redundant system given by the following:

Pz
Py

D
¡0:06 Azy

0:51 Ayy

z

y
C

¡0:4 0:3

1:34 1:13
u (72)

It is desired to know if the following linear control allocator will
destabilize the zero dynamics:

½.dy/ D Rdy; R D [0:100 0:766]T

(73)
By R D [1:34 1:13][0:100 0:766]T D 1

The lower bound from lemma 2 is used to constructan admissibility
constant that de� nes an admissible set of functions that includes the
linear allocation function

kBz Rk D [¡0:4 0:3]
0:100

0:766
D 0:190 (74)

Therefore, if an admissible set of control allocation functions is
de� ned by kzy D 0:190, then Rdy belongs to the admissible set.
However, the small-gain condition is not satis� ed:

Ayz.s I ¡ Azz/
¡1

1
kzy D 0:51

s C 0:06 1
.0:190/ D 1:62 > 1

(75)

As in example 4, it is concluded that the zero dynamics may not be
globally asymptotically stable for all admissible control allocation
functions de� ned by kzy D 0:190. Because the control allocation
is linear, the zero dynamics are linear. The stability of the zero
dynamics is, thus, determined by the sign of the following scalar:

Azz ¡ Bz R Ayz D ¡0:06 ¡ [¡0:4 0:3]
0:100

0:766
.0:51/ D ¡0:157

(76)

It is concluded that the zero dynamics are globally asymptotically
stable because Azz ¡ Bz R Ayz < 0 even though the small-gain con-
dition is not satis� ed. Therefore, it is seen that stability analysis
of the zero dynamics provided by the small-gain condition may be
conservative.This example reminds the user that the theorem only
provides suf� cient conditions.Note that for this linear example, the
additional analysis of checking the sign of Azz ¡ Bz R Ayz would

probably have been the primary zero dynamics stability analysis if
only Rdy is considered for control allocation.

V. Conclusions
A class of admissible nonlinear control allocation functions that

encompassesmany common control allocation methods is de� ned.
A suf� cient condition for globally asymptotically stable zero dy-
namics is derived for redundant systems with admissible control
allocation functions. The stability condition may be conservative
due to its reliance on the small-gain theorem. However, aircraft
examples demonstrate the utility of the result to analyze control
allocation and closed-loop stability interactions.

References
1Ethell, J. L., “Rebuilding Markets for Jet Fighter Upgrades,” Aerospace

America, Vol. 34, No. 2, 1996, pp. 22–27.
2Adams, R. J., Buf� ngton, J. M., and Banda, S. S., “Design of Nonlin-

ear Control Laws for High Angle-of-Attack Flight,” Journal of Guidance,
Control, and Dynamics, Vol. 17, No. 4, 1994, pp. 737–746.

3Adams, R. J., Buf� ngton, J. M., Sparks, A. G., and Banda, S. S., Ro-
bust Multivariable Flight Control, Advances in Industrial Control Series,
Springer–Verlag, London, 1994, pp. 101–160.

4Bugajski, D. J., and Enns, D. F., “Nonlinear Control Law with Appli-
cation to High Angle-of-Attack Flight,” Journal of Guidance, Control, and
Dynamics, Vol. 15, No. 3, 1992, pp. 761–767.

5Chiang,R. Y., Safonov,M. G., Haiges, K. R., Madden,K. P., and Tekawy,
J. A., “A Fixed H1 Controller for a Supermaneuverable Fighter Performing
a Herbst Maneuver,” Automatica, Vol. 29, No. 1, 1993, pp. 111–127.

6Buf� ngton, J. M., and Adams, R. J., “Nonlinear Vortex Flow Control for
High Angle-of-Attack Maneuvering,” Control Engineering Practice, Vol. 3,
No. 5, 1995, pp. 631–642.

7Malcolm, G. N., “Forebody Vortex Control,”Progress in Aerospace Sci-
ences, Vol. 28, No. 3, 1991, pp. 171–234.

8Ngo, A. D., Reigelsperger, W. C., Banda, S. S., and Bessolo, J. A.,
“Multivariable Control Law Design of a Tailless Airplane,” AIAA Paper
96-3866, July 1996.

9Buf� ngton, J. M., and Enns, D. F., “Lyapunov Stability Analysis of
Daisy-Chain Control Allocation,” Journal of Guidance, Control, and Dy-
namics, Vol. 19, No. 6, 1996, pp. 1226–1230.

10Byrnes, C. I., and Isidori, A., “Asymptotic Stabilization of Minimum
Phase Nonlinear Systems,” IEEE Transactions on Automatic Control, Vol.
36, No. 10, 1991, pp. 1122–1137.

11Buf� ngton, J. M., “Control Design and Analysis for Systems with Re-
dundant Limited Controls,” Ph.D. Thesis, Dept. of Control Science and Dy-
namical Systems, Univ. of Minnesota, Minneapolis, MN, March 1996.

12Morse, A. S., and Wonham, W. M., “Status of Noninteracting Control,”
IEEE Transactions on Automatic Control, Vol. AC-16, No. 6, 1971, pp.
568–581.

13Durham, W. C., “ConstrainedControlAllocation:Three-Moment Prob-
lem,” Journal of Guidance, Control, and Dynamics, Vol. 17, No. 2, 1994,
pp. 330–336.

14Virnig, J. C., and Bodden, D. S., “Multivariable Control Allocation and
Control Law Conditioning when Control Effectors Limit,” Proceedings of
the AIAA Guidance, Navigation, and Control Conference, AIAA, Washing-
ton, DC, 1994, pp. 572–582.

15Durham,W.C., “ConstrainedControlAllocation,”JournalofGuidance,
Control, and Dynamics, Vol. 16, No. 4, 1993, pp. 717–725.

16Khalil, H. K., Nonlinear Systems, Macmillan, New York, 1992, pp.
211–217.

17Zames, G., “On the Input-Output Stability of Time-Varying Nonlinear
Feedback Systems, Part I: ConditionsUsing Concepts of Loop Gain, Conic-
ity, and Positivity,” IEEE Transactions on AutomaticControl, Vol. 11, 1966,
pp. 228–238.

18Zames, G., “On the Input-Output Stability of Time-Varying Nonlinear
Feedback Systems, Part II: Conditions Involving Circles in the Frequency
Plane and Sector Nonlinearities,” IEEE Transactions on Automatic Control,
Vol. 11, 1966, pp. 465–476.

19Durham, W. C., “Attainable Moments for the Constrained Control Al-
location Problem,” Journal of Guidance, Control, and Dynamics, Vol. 17,
No. 6, 1994, pp. 1371, 1372.


